We study size-structured population models of general type which have the growth rate depending on the size and time. The local existence and uniqueness of the solution have been shown by Kato and Torikata (1997) . Here, we discuss the positivity of the solution and global existence as well as L ∞ solutions.
Introduction
We are concerned with size-structured population models of general type with the growth rate depending on the individual's size and time. In [3] , the local existence and uniqueness of the solution have been investigated. In this paper, we discuss the positivity and global existence of the solution as well as L ∞ solutions.
As is explained in [3] , the model in our mind is the population dynamics of plants in forests or plantations. In this case, the growth rate may be influenced by the environment such as the light, temperature, and nutrients. These must change with time. It is also reasonable to think that the growth rate varies with the size because the size is important to capture the light to grow. From these points, it is natural to consider the growth rate depending on the size and time.
From the mathematical point of view, our results are the generalizations of G. Webb's results [5, Theorems 2.3, 2.4, 2.5, and 4.3] in the age-dependent case. Besides, we investigate L ∞ solutions.
Our results also have a close relation to the results of A. Calsina and J. Saldaña [1] , where they treated a nonlinear growth rate depending on the size and the total population at each time, whereas the aging and birth functions have the special form of the Gurtin-MacCamy type (see below). For other related works, we refer to [4] , where a finite number of structure variables are treated.
In this paper, we study the following initial boundary value problem with nonlocal boundary condition:
u t + V (x,t)u x = G u(·, t) (x), x ∈ [0, l), a ≤ t ≤ T , V (0, t)u(0, t) = C(t) + F u(·, t) , a ≤ t ≤ T ,
u(x, a) = u a (x), x ∈ [0, l).
The unknown function u(x, t) stands for the density of the population of size x at time t, so that the integral l 0 u(x, t)dx represents the total population at time t, where l ∈ (0, ∞] is the maximum size. The function V is the growth rate depending on the size x and time t. The mappings F and G correspond to the birth and aging functions, respectively. The typical and important example is the Gurtin-MacCamy type (cf. [2] ), that is,
where P φ = l 0 φ(x) dx. The function C represents the inflow of zero-size individuals (that is, newborns) from an external source.
In Section 2, we state our assumptions and preliminary results. In Section 3, we study the existence of a positive solution. Section 4 is devoted to study positive L ∞ solutions. We discuss the continuability and global existence of the solution in Sections 5 and 6.
Preliminaries
In this section, we state our general assumptions and the preliminary results. Let
Our general hypotheses are as follows.
is a bounded function with upper bound V * and V (l,·) = 0 if l < ∞. V (x,t) is differentiable with respect to x ∈ [0, l) and there is a Lipschitz constant L V such that
Remark 2.1. We require the differentiability of x → V (x,t) at each x (not only a.e. x) since it seems necessary even for the previous paper [3, Lemma 3.4] . Thus the partial derivative
In order to define the characteristic curves, we extend the function V(x, t) on
The characteristic curve ϕ(
is defined by the unique solution of the differential equation
with the initial condition
that is, τ is the initial time of the characteristic through (x, t).
Note that the characteristics x(t) = ϕ(t; t 0 , x 0 ) satisfies the integral equation
and that 0
We define a solution of (1. 
Here, we recall some properties of the characteristic curves which are needed in the argument below. For the rest of properties, see Section 3 of [3] .
is continuous, decreasing and onto, and hence τ t has the inverse τ
(ii) Let x = ϕ(t; τ, η). Then x is differentiable with respect to τ and
and x is differentiable with respect to η and
(2.12)
Positive solutions
In this section, we show the existence of a positive solution of (1.1). Let
. By a positive solution, we mean the function u ∈ L a,T ,+ which satisfies (2.8). We begin with some preliminary lemmas.
1) where τ := τ (t,x) is given by (2.5). Then for fixed (t, x)
is differentiable a.e. on (τ * a , T ) and satisfies
where τ * a := τ * a (t, x) is defined by (2.6 ).
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Proof.
as h → 0. Thus the result holds.
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Proof. By Lemma 3.1,
we have
This shows the desired equality (3.6).
Our result concerning the local existence of a positive solution of (1.1) is the following one, which is the generalization of Theorem 2.4 in [5] .
Theorem 3.5. In addition to (F 0 ), (G 0 ), and (V 0 ), we assume the following hypotheses:
Proof. For each T > a, set
For u ∈ L a,T ,+ and α = c 3 (2r)+L V , define K α u(x, t) by (3.1). As is shown in the proof of Theorem 2.1 in [3] , K 0 u ∈ L a,T , so that we find that K α u ∈ L a,T by Corollary 3.3. Let C T := sup a≤t≤T |C(t)| for given T > 0. Similar to the proof of Theorem 2.1 in [3] , Nobuyuki Kato 197
(3.11) Then for T 1 = a + δ 1 , we have K α u La,T 1 ≤ 2r. By the hypotheses (F 1 ), (G 1 ), and
Further, again similar to the proof of Theorem 2.1 in [3] , we find that K α is a contraction by taking δ 2 > 0 so small that e L V δ 2 
L ∞ solutions
In this section, we show the existence of a positive L ∞ solution of (1.1). Let L ∞ := L ∞ (0, l; R n ) and for c ≥ 0, set
Concerning the L ∞ solutions, we obtain the following. 
For u ∈ L a,T ,+ and β := c 4 (2r)+L V , define K β u(x, t) by (3.1). As in the proof of Theorem 3.5, we know that K β u ∈ L a,T ,+ and for T 1 = a + δ with small δ > 0 satisfying
3) we have K β u La,T 1 ≤ 2r. Further, for T 2 = a +δ with sufficiently small δ > 0 (which may be different from the above one), we show that
and for x ∈ (z a (t), l),
ϕ(s; t, x), s u ϕ(s; t, x), s ds
Hence it is enough to take δ > 0 so small that
It is evident that K β u(x, a) = u a (x), so we find that K β maps M ∞ T into itself for T = a + δ with sufficiently small δ > 0.
Similar to the proof of Theorem 2.1 in [3] , we find that K β is a contraction by taking δ > 0 so small that e L V δ [c 1 (2r) + c 2 (2r) + L V + β]δ < 1. Consequently, for T = a + δ with sufficiently small δ > 0, there exists a unique function u ∈ M ∞ T such that K β u = u. By Corollary 3.4, this u is a solution of (1.1).
Continuability and global existence
By Theorem 2.1 of 
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Proof. Suppose that lim sup t↑T u 0 u(·, t) L 1 < ∞. Then the norm u(·, t) L 1 is bounded, namely, there exists r > 0 such that sup 0≤t<T u 0 u(·, t) L 1 ≤ r. By the local existence result due to Theorem 2.1 of [3] , there exists some δ > 0 depending only on r such that for 0 ≤ a < T u 0 ,û a ∈ L 1 with û a L 1 ≤ r, there exists a unique solution u ∈ L a,a+δ of (1.1) on [a, a + δ] with u(·, a) =û a .
For We look for the condition which assures the global existence of a positive solution of (1.1). The next result is the generalization of Theorem 2.5 in [5] . 
(5.4)
For I i 1 , by the change of variable ξ = τ (t,x), we have 
ϕ(s; t, x), s u i ϕ(s; t, x), s dx ds
Here we have used the notation τ −1 t (s) as the inverse of the decreasing function x → τ (t,x) for fixed t (see [3, Section 3] ). For I i 3 , we have
Therefore, using the hypothesis (5.2), we have
Hence,
(5.9) By Gronwall's lemma, we have
(5.10)
Rearranging this, we obtain
is arbitrary, we obtain the desired estimate (5. Let (F 0 ), (G 0 ), (V 0 ), (F 1 ), (G 1 ), and (C 1 ) hold. Assume that C ∈ L ∞ (0, ∞; R n ) and there exists K > 0 such that 
Proof. If (5.13) holds, then T u 0 = ∞ by Proposition 5.1. Consider the case u 0 L 1 ≤ K and suppose the conclusion does not hold. Then there exists t ∈ (0, T u 0 ) and
Similar to the proof of Theorem 5.2, we use (5.12) instead of (5.2) to conclude that
This contradicts the definition of t 0 , and so t 0 = 0. But then,
. Similar argument as above shows that there exists r > 0 such that
This contradicts the definition of t 0 , and hence (5.13) holds.
Remark 5.4. We note that the solution of (1.1) defines an evolution operator in L 1 . 
where φ L 1 , φ L 1 ≤ r. This estimate implies the continuity of φ → U(t, s)φ as well as the uniqueness of the solution which assures the evolution property
Thus {U(t, s) | 0 ≤ s ≤ t} becomes a family of nonlinear evolution operators in L 1 .
Global existence for L ∞ solution
We discuss the continuability of L ∞ solution. Suppose that all the hypotheses in Theorem 4.1 are satisfied. 
(6.1) 
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